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Batch-to-batch Optimization of Batch Crystallization Processes 
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Abstract  It is the fact that several process parameters are either unknown or uncertain. Therefore, an optimal 
control profile calculated with developed process models with respect to such process parameters may not give an 
optimal performance when implemented to real processes. This study proposes a batch-to-batch optimization strat-
egy for the estimation of uncertain kinetic parameters in a batch crystallization process of potassium sulfate produc-
tion. The knowledge of a crystal size distribution of the product at the end of batch operation is used in the proposed 
methodology. The updated kinetic parameters are applied for determining an optimal operating temperature policy 
for the next batch run.   
Keywords  batch crystallization, batch-to-batch optimization, optimal control, population balance model, moment 
model 

1  INTRODUCTION 

A batch crystallization process is a major process 
in fine chemical, pharmaceutical, food, and mineral 
industries, because of its ability to provide high purity 
separation and its flexibility to offer product specifica-
tion change as defined. Due to the widespread use of 
this process, finding an efficient operating strategy for 
improving both product quality and process efficiency 
is very significant. Recently, an optimization of batch 
crystallizers has received considerable attention to 
improve product quality characterized by a crystal size 
distribution [1, 2]. Previous studies mostly concentrate 
on the determination of an optimal operation policy in 
terms of crystallizer temperature as it has a direct in-
fluence on the supersaturation which is the driving 
potential for crystal formation [3, 4]. However, it has 
been known that due to uncertain process and kinetic 
parameters, an optimal control profile calculated with 
these process models may not give an optimal per-
formance when applied to real processes. As batch 
processes are repetitive in nature, it would be possible 
to exploit information of previous batch results to im-
prove the operation of current batch and so on.  

Therefore, the aim of this study is to propose a 
batch-to-batch optimization strategy to estimate un-
certain kinetic parameters. Measurement of a crystal 
size distribution which is obtained with reliability and 
accuracy through experimental analysis at the end of 
run is used in such an optimization-based estimation. 
The updated kinetic parameters are used to modify an 
optimal operating temperature policy of the crystal-
lizer for subsequent operation. The optimal control 
problem formulated is solved by a sequential optimi-
zation approach. The proposed method is illustrated 
via a simulation study of a batch cooling crystalliza-
tion for the synthesis of potassium sulfate.  

2  MODEL OF BATCH CRYSTALLIZER 

The classical framework for modelling batch 

crystallization processes consists of a population bal-
ance equation (PBE) of crystals and mass and energy 
conservation equations as shown in Eqs. (1)-(3), re-
spectively. It is assumed that crystal agglomeration or 
breakage phenomena are neglected [5].  
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where, f (L, t) is the population density of crystals at a 
characteristic length (L) and time (t), c is the solute 
concentration and T is the solution temperature. 

In the crystallization process, the formation of a 
crystal can be classified into two steps: the birth of a 
new particle and its growth to macroscopic size. The 
driving potential for both rates is the nonequilibrium 
state of the system measured by a relative supersatura-
tion (S).  
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where, cs is the saturation concentration of the solute. 
The nucleation (B) and growth (G) rates of crys-

tals can be described as given in Eqs. (5) and (6). 
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It is noted that the ith moment of the population 
density is defined in term of the population density 
function as in Eq. (7). 
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where, µi (i = 0,···,3) means the total of number, length, 
surface area, and volume of crystals, respectively [5]. 
These moments represent an average of product qualities. 
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In this study, the seeded batch crystallizer of po-
tassium sulfate studied by Shi et al. [6] is considered. 
The model parameters are shown in Table 1. To avoid 
uncontrolled nucleation, the crystallization process has 
to be operated in the metastable zone bounded by the 
saturation and the metastable limit, that is cs≤c≤cm. 
The following equations are used to calculate the 
saturation and metastable concentrations which are the 
function of the solution temperature, T.  

2 3 6 2
s ( ) 6.29 10 2.46 10 7.14 10c T T T− − −= × + × − ×  (8) 

2 3 6 2
m ( ) 7.76 10 2.46 10 8.10 10c T T T− − −= × + × − ×  (9) 

The set of above-mentioned model equations 
(called “a population model”), which are used to rep-
resent a real crystallization process, is solved using a 
solution methodology proposed by Hu et al. [3] with 
the initial boundary condition and the initial distribu-
tion of the seeded crystals which is assumed to be a 
parabolic distribution as follows, 
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3  BATCH-TO-BATCH OPTIMIZATION AP-
PROACH 

As batch processes are repetitive in nature, it 
would be possible to use information from the previ-
ous batch to improve the operation of the current 
batch. Here a batch-to-batch optimization approach is 
proposed to estimate kinetic parameters, that is kb and 
kg, that are important for the prediction of crystal for-
mation. The identification relies on the measurement 
of a crystal size distribution (CSD) obtained at the end 

of batch run. Fig. 1 shows the schematic of an inte-
grated batch-to-batch optimization and optimal control 
methodology proposed in this study. As can be seen 
from the figure, once the CSD of product at the end of 
operation is measured, the ith moment of the popula-
tion density of the process (μi,process) is calculated us-
ing Eq. (7) and compared with that obtained from a 
moment model (μi,model). New updated value of the 
parameters is determined by solving a parameter op-
timization problem with an objective to minimize such 
an error. It is noted here that although the population 
model mentioned in the previous section can be di-
rectly solved, its implementation in an optimization 
problem is very time-consuming. Recently, the method 
of moments, which leads to “the moment model” of 
crystallizers [Eqs. (12), (13)], is developed, allowing 
the model of crystallization processes to be solved 
quickly and efficiently [5]. Therefore, the moment model 
is applied as a crystallization model to a batch-to-batch 
optimization and optimal control strategy.  
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It is noted that the overall ith moments are de-
fined as n s

i i iμ μ μ= + . 
Optimal control problem 

After updating the kinetic parameters via the 
batch-to-batch optimization strategy, these parameters 
are used for computing an optimal operating tempera-
ture policy for the control of the crystallizer at a new 
batch run. In batch crystallization processes, the fine 
crystals usually affect product quality and may cause 
difficulties in downstream processing equipment (i.e., 

Table 1  Parameter values for the seeded batch crystallizer of potassium sulfate 

b kb/s－1·μm－3 Eb: R/K U/kJ·m－2·h－1·K－1 ΔHc/kJ·kg－1 M/kg kv g kg/μm·s－1 A/m2 Eg: R/K cp/kJ·kg－1·K－1 pc/g·μm－3 tf /min

1.45 285.0 7517.0 1800.0 44.5 27.0 1.5 1.5 1.44×108 0.25 4859.0 3.8 2.66×10－12 30.0

 
Figure 1  An integrated batch-to-batch optimization and optimal control strategy 
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filtration, drying). For this reason, the aim of an opti-
mal control problem is to determine an optimal tem-
perature profile minimizing the total volume of fine 
crystals, n

3μ  (tf ), whereas the total volume of seeded 
crystals, s

3μ (tf), has to satisfy the product quality re-
quirement. In addition, the solution concentration has 
to be maintained in the metastable zone. The formula-
tion of the optimal control problem can be mathe-
matically explained as follows, 

n
3 f( )

min ( )
T t

tμ                (14) 

subject to 
the model of crystallizer [Eqs. (2), (12) and (13)] 
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The resulting optimal control problem is solved 
via a sequential approach in which a dynamic optimi-
zation problem is converted to a nonlinear program-
ming (NLP) problem by parameterizing the control 
variables (i.e. solution temperature) as a piecewise 
constant function [7]. With the initial guess of the 
temperature value in each time interval, the crystal-
lizer model equations are integrated using the Ode15s 
routine in Matlab and the objective function is then 
determined. The resulting optimization is solved using 
the Fmincon routine to compute a new set of the con-
trol variable. The sequence continues until the optimal 
value of the temperature in each time interval is found 
satisfying a specified accuracy. 

4  SIMULATION RESULTS 

Simulation study is first investigated under 
nominal case where all parameters in the model of the 
crystallizer as given in Table 1 are known exactly. Fig. 
2 (a) shows the optimal temperature profile obtained 
from the calculation. It can also see that under such 
the optimal operating temperature policy, the solution 
concentration can be maintained within the metastable 
zone keeping away from the uncontrolled nucleation 
of crystals. The total volume of fine and seeded crys-
tals are 5.9010×108 and 8.4229×109, respectively. The 
corresponding CSD at the end of batch run is shown 
in Fig. 2 (b). From the figure, the distribution can be 
characterized by the classes of nucleated and seeded 
crystals. The average product qualities in terms of the 
ith moments computed from the CSD at final batch 
time and those obtained from the moment model are 
provided in Table 2. The results show a good agree-
ment; small relative errors (less than 5%) are observed. 
This confirms that the moment model can be reasona-
bly used to describe crystallization processes.    

In case of a mismatch in kinetic parameters, the 
15% decrease of kb and the 15% increase of kg are 
introduced in the moment model. It is found that when 
applying the calculated temperature profile from 
solving the optimal control problem based on incor-

rect kinetic parameters to the crystallizer (Batch I), the 
final crystal product obtained is out of specification; 
the average total volume of seeded crystals ( s

3μ ) is 
8.3196×109 which is less than the desired specifica-
tion ( s

3,specμ ≥8.3301×109). In addition, the result in-
dicates that at the initial time period, the solution 
concentration stays outside the metastable zone, lead-
ing to the uncontrolled crystal nucleation. To avoid 
this problem for the next batch run (Batch II), a 
batch-to-batch optimization approach is considered. 
Information of the CSD from the previous run is used 
to update the kinetic parameters following the method 
mentioned in Section 3. It can be seen from Table 3 
that the updated kinetic parameters approach the ac-
tual values (Table 1). With these updated values, the 
optimal temperature profile is re-computed and im-
plemented to control the crystallizer at the subsequent 
batch. The results indicate that at the final time, the 
total volume of seeded crystals obtained ( s

3μ =  

 
      (a) 

 
   (b) 

Figure 2 (a) The optimal temperature and concentration 
profiles (cs: dotted; c: solid; cm: dash) and (b) the CSD at 
final batch time in the nominal case 

Table 2  Final-time product properties of crystals in the
nominal case 

ith moments µ0 (tf) µ1 (tf) µ2 (tf) µ3 (tf) 
population model 
(actual process) 456 6.4506×104 2.0692×107 9.0130×109

moment model 482 6.5908×104 2.0134×107 8.7701×109

 

Table 3  The value of kinetic parameters used in the 
moment model 

Case kb/s－1·µm－3 kg/µm·s－1

Batch I with mismatch kinetic parameters 242.25 1.656×108

Batch II with updated kinetic parameters 283.15 1.440×108
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8.4205×109) satisfies the requirement while the total 
volume of fine crystals is minimized ( n

3μ = 5.8954×108). 
From these results, it is clearly indicated that the 
product quality and process efficiency can be im-
proved by using the batch-to-batch optimization 
strategy integrated with the optimal control. It is noted 
that in this study, the temperature of the crystallizer is 
assumed to be perfectly controlled following the de-
sired optimal temperature profile. However, if ad-
vanced model-based control methodologies, that is 
generic model control [7] and model predictive control 
[8], are applied to on-line control the crystallizer tem-
perature, the updated kinetic parameters obtained from 
the batch-to-batch optimization approach can also be 
used to design such the controllers, resulting in an 
improved control performance.  

5  CONCLUSIONS 

A batch-to-batch optimization strategy for a ki-
netic parameter estimation is developed and imple-
mented to a seeded batch crystallization of potassium 
sulfate production in this study. Based on the knowl-
edge in a crystal size distribution measured from a 
previous batch operation, the kinetic parameters in-
volving the nucleation and growth of crystals are up-
dated and then used to determine an optimal operating 
temperature policy for a next batch. From simulation 
results, it is clearly shown that the product quality and 
process efficiency can be improved by using the pro-
posed batch-to-batch optimization integrated with the 
optimal control strategy. 
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NOMENCLATURE 

A total heat transfer surface area, m2 
B nucleation rate, (no. of crystal)·s－1·(g solvent)－1 
b nucleation rate exponent 
c solution concentration, (g solute)·(g solvent)－1 

cm metastable concentration, (g solute)·(g solvent)－1 
cp heat capacity of the solution, kJ·kg－1·K－1 
cs saturation concentration, (g solute)·(g solvent)－1 
E activation energy 
f population density of crystals, (no.of crystals)·µm－1·(g solvent)－1 
G growth rate, µm·s－1 
g growth rate exponent  
ΔHc heat of crystallization, kJ·kg－1 
kb birth rate coefficient, s－1·µm－3 
kg growth rate coefficient, µm·s－1 
kv volumetric shape factor 
L characteristic crystal length, µm 
M mass of solvent in the crystallizer, kg 
R gas constant 
T reactor temperature, K 
Tj cooling jacket temperature, K 
t time, min 
U overall heat transfer coefficient, kJ·m－2·h－1·K－1 
µ moment of the CSD 
µ0  zeroth moment of the CSD, (no. of crystals)·(g solvent)－1 
µ1 first moment of the CSD, µm·(g solvent)－1 
µ2 second moment of the CSD, µm2·(g solvent)－1 
µ3 third moment of the CSD, µm3·(g solvent)－1 
ρc density of crystals, g·µm－3 

Superscripts 
n nucleation 
s seeded crystal 
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